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Chapter 2

Interest calculations 

and yield curves

 

Interest is the price paid for borrowing money. For the calculation of interest 

amounts, different agreements apply. One of those agreements concerns the deter-

mination of the number of interest days in an interest period. Another agreement 

concerns the number of interest payments that take place during the period of the 

contract. These agreements are also important for calculating the future value of an 

amount after an investment period and for the calculation of the present value of a 

future cash flow.

Different interest rates apply for different periods. The relationship between the 

term and the corresponding interest rate is represented by a yield curve. The shape 

of a yield curve provides information about the market perception regarding the in-

terest rate development. The market perception is implied by forward yields.

2.1 Calculation of interest amounts

Interest amounts are normally paid out in arrears and are calculated using the fol-

lowing equation:

Interest amount = Principal x interest rate x daycount fraction.1

Because interest rates are always presented per annum, an adjustment factor is ap-

plied to bring the interest rate in line with the maturity period. This adjustment fac-

tor is called the daycount fraction. 

1 The equation to calculate coupon amounts should be entered in a HP financial calculator 

as follows: COUP = NOM x C% x D / B. If, in an equation, a % character is added to a varia-

ble, this variable should be entered as a percentage: e.g. 4% = 0.04.
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The equation to calculate the daycount fraction is:

2.1.1 The duration of the coupon period

The start date of a coupon period is normally a fixed number of days later than the 

(re)fixing date of the interest rate. The first coupon period, for instance, of a loan 

starts when the nominal amount is transferred from the lender to the borrower. 

With money market deposits, this is normally two working days after the closing of 

the loan agreement (t+2). The exception is Great Britain, where the coupon period 

starts on the trading date. With exchange traded bonds, normally after three work-

ing days (t+3). With an interest rate derivative the first coupon period also normally 

starts on t+2. If the interest rate is fixed periodically during the term of a contract, 

the coupon period starts two working days after the fixing date, except for Great 

Britain.

The end date of a coupon period is called the coupon date. On this date the coupon 

is paid. The coupon dates of regular periods (1, 2, 3 months etcetera) normally fall on 

the same day in the month as the start date. There are, however, exceptions to this 

rule.

If the coupon date falls in a weekend or on a bank holiday, the coupon cannot be 

paid on this date. This is because the central bank’s payment system is not opera-

tional on these days. The coupon date will then be adjusted to the previous or the 

next business day according to the convention agreed upon in the market or in the 

specific contract.

The most used conventions are ‘following’ and ‘modified following’. With the con-

vention following, the coupon date will be postponed to the next business day. This 

is also the case with the convention modified following with one exception, how-

ever. If the adjusted coupon date would fall in the next month, the coupon date is 

set on the previous business day. In the money market, the modified following con-

vention is normally used. This is also the case in ISDA agreements.

Daycount fraction
number of days in coupon period (tenor)

year basis
-------------------------------------------------------------------------------------------------------------------------=
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Below are the maturity dates of the regular periods for trading day 13 April 2009.

 

If the spot date falls on a month ultimo date, i.e the last trading day of a month, all 

regular dates will in principle be set on a month ultimo date too. Additionally, the 

modified following convention is applied. In this case, the convention is referred to 

as end-of-month convention (EOM). The table below shows the matu rity dates for 

several regular periods for trading day 28 April 2009.

If the coupon date of a long term contract is adjusted, the question is whether the 

coupon term should be adjusted too. Again, two different conventions may be used: 

adjusted and unadjusted. When the convention ‘adjusted’ is used, the number of 

the interest days is adjusted to the new coupon date. When the convention ‘unad-

justed’ is used, the number of interest days stays unchanged. 

The number of days in a coupon period is calculated by including the start date and 

excluding the end date. 

period date day remark

spot 15/4/2009 Wed 

1m 15/5/2009 Fri 

2m 15/6/2009 Mon 

3m 15/7/2009 Wed 

4m 17/8/2009 Mon 15/8 is Sat

5m 15/9/2009 Tue 

6m 15/10/2009 Thu 

period date day remark

spot 30/4/2009 Thu 

1m 29/5/2009 Fri 31/5 is Sun

2m 30/6/2009 Tue 

3m 31/7/2009 Fri note: 31st

4m 31/8/2009 Mon note: 31st

5m 30/9/2009 Wed 

6m 30/10/2009 Fri 31/10 is Sat



30

financial instruments handbook

example

A deposit starts on 4 April and ends on 23 May.

The number of interest days is 49: 27 (30-3) in April and 22 (= 23-1) in May. 

2.1.2  Daycount conventions

There are different methods for calculating daycount fractions. These are called 

daycount conventions. Which daycount convention applies depends on the type 

of interest instrument traded and on the country where this instrument is trad-

ed. There are two types of daycount conventions. They differ in the way that the 

number of days in a coupon period is calculated, the tenor. With the first type, the 

number of days in each month is set at 30. With the second type, the actual number 

of calendar days is calculated. 

daycount conventions 30/360

With daycount convention 30/360, the number of interest days is calculated by set-

ting each whole month that falls within the coupon period at 30 days, in prin ciple. 

The intervening ends of months dates are also set at 30. The year basis is always set 

at 360.

The table below shows some examples of calculations of the number of days accord-

ing to the 30/360 convention.

                                 

1.  There are two ways of calculating the number of interest days: 

a. from 14-3 to 14-9 are six whole calendar months: 6 x 30 = 180 days. 

b. Number of interest days in March: 30 - 13 = 17; 

Number of interest days April to August: 5 x 30 = 150; 

Number of interest days in September: 13; 

Total: 180 interest days.

 start date end date # days 30/360

1. 14-3-2009 14-9-2009 180

2. 14-2-2009 14-4-2009 60

3. 28-1-2009 10-2-2009 12

4. 14-2-2009 5-3-2009 21

5. 14-2-2008 5-3-2008 21
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2.  Again there are two ways of calculating the number of interest days:

a. from 14-2- tot 14-4 are two whole calendar months: 2 x 30 = 60 days.

b. Number of interest days in February: 30 - 13 = 17; 

Number of interest days in March: 30; 

Number of interest days in April: 13; 

Total: 60 interest days. 

3.  Number of interest days in January: 30 - 27 = 3; 

Number of interest days in February: 9; 

Total: 12 interest days. 

4.  Number of interest days in February 30 - 13 = 17; 

Number of interest days in March: 4; 

Total: 21 interest days. 

5.  Number of interest days in February: 30 - 13 = 17; 

Number of interest days in March: 4; 

Total: 21 interest days.

There are a few alternative applications of the 30/360 daycount convention. These 

alternatives all have their own exceptions to the rule that the month ultimo is set at 

30. The most frequently used 30/360 daycount convention is the bond basis. With 

the bond basis convention, exceptions are made in the following cases:

1.  if a coupon period starts or ends on 28 or 29 February

2.  if a coupon period ends on the 31st and at the same time doesn’t start on 

the 30th or 31st.

 

In these cases, the ultimo dates are not set at 30. The table below shows examples of 

these exceptions.

  start date end date start date end date # days  

   bond basis bond basis 

1. 31-8-2009 28-2-2010 30-8-2009 28-2-2010 178

2. 28-2-2009 4-3-2009 28-2-2009 4-3-2009 6

3. 28-2-2009 31-3-2009 28-2-2009 31-3-2009 33

4. 13-3-2009 31-3-2009 13-3-2009 31-3-2009 18
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1.  Start date 31-8 is not an exception and will be set at 30; 

End date 28-2 is an exception and stays 28; 

Number of interest days: 5 x 30 + 28 = 178. 

2.  Start date 28-2 is an exception and stays 28; 

End date 4-3 stays 4; 

According to the general rule the intervening February month ultimo date 

will be set at 30; 

Number of interest days: 3 in February and 3 in March add up to 6. 

3. Start date 28-2 is an exception and stays 28; 

End date 31-3 is also an exception and stays 31; this is because the coupon 

period doesn’t start at the 30th or 31st; 

Number of interest days: 3 in February and 30 in March add up to 33. 

b.  

From 28-2 to 28-3 is 30 days (one whole month); 

From 28-3 to 31-3 is 3 days; 

Total number of interest days is 33. 

4.  Start date 13-3 is an exception and stays 13; 

End date 31-3 is also an exception and stays 31; this is because the coupon 

period doesn’t start at the 30th or 31st; 

Number of interest days is 18.

 

Apart from the 30/360 bond basis there are two other alternative 30/360 daycount 

conventions: 30E/360 Eurobond and 30E/360 ISDA. With these alternatives only 

the ultimo date of February (28 or 29) is an exception. With 30E/360 Eurobond, a 

start or end date of a coupon period that falls on the ultimo date of February is not 

set at 30. With 30E/360 ISDA this is only the case with the last coupon. If these ex-

ceptions apply, the start or end dates stay unchanged at the 28th or 29th.

daycount conventions actual

With daycount conventions ‘actual’ the exact number of calendar days is calculated 

for a coupon period. The year basis, however, can differ. 

With daycount convention actual/360, for instance, the year is set at 360 days. This 

daycount convention is used on the money markets in the euro area, in the US and 

in Switzerland. With the daycount convention actual/365, the year is set at 365 days. 

This is the case, amongst others, in the UK money market and, for instance, in Aus-

tralia, New Zealand, Singapore and Hong Kong.
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example

A bank invests in a deposit with a principal of 20 million euros and an interest rate of 

3.2%. The start date is 4 April and the end date is 23 May.

 

In order to calculate the interest amount, the number of interest days must first be 

calculated. In April, 30 - 3 = 27 days are included (the first three days of April do not 

count, April 4th does). In May 22 days are included (May 23rd does not count). The 

total number of interest days, therefore, is 27 + 22 = 49 days. 

 

The interest amount for this deposit is:

EUR 20,000,000 x 3.2% x 49/360 = EUR 87,111.11

The daycount conventions actual/360 and actual/365 are commonly used in the 

money markets. The table below shows some examples.

 

With the daycount convention actual/actual the number of days in the coupon pe-

riod and the number of days in a year are both set at their actual number. In regular 

years the year is set at 365 and in leap years at 366. This daycount convention is used 

with most government bonds.

A deposit runs from 15 February 2008 (leap year) to 20. March. The table below 

shows the daycount fractions according to the different daycount conventions.

actual/360 actual/365

EUR GBP

USD AUD

CHF NZD

SEK ZAR

NOK CAD

JPY HKD

 SGD

 MYR

 TWD

 THB

 SAR
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special cases of the actual/actual convention

If part of a coupon falls in a leap year, with daycount convention actual/actual, the 

daycount fraction is calculated by splitting up the coupon period in one part that 

falls within the leap year and another part that falls within the regular year. 

The following equation is used in these cases: 

In this equation:

d
l
 = number of days in the leap year

d
r
  = number of days in the regular year

example

A German government bond with a nominal value of EUR 1,000 has a coupon of 

4.5% with daycount convention actual/actual. The coupon date is 1 October. On 1 

April 2008 an investor buys this bond. The daycount fraction for the expired period 

is:

2.2 Interest rates for broken periods

When a money market instrument has a maturity period that differs from a whole 

month, the expression broken period is used. In this case, the interest percentage to 

be used cannot be read directly from the normal yield curve but has to be matched 

with the exact contract period. For this, linear interpolation is used: 

 Daycount fraction
dl

366
-------

dr

365
-------+=

= =Daycount fraction
92

365
-------

91

366
-------+ 0 25205, 0 24863,+ 0 50068,=

daycount # days in coupon year basis daycount fraction 

convention period

actual/ 360 (29-14)+19=34 360 34/360

actual/actual (29-14)+19=34 366 34/366

actual/365 (29-14)+19=34 365 34/365
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In this equation

r
b
  = broken rate;

r
s
  = interest rate for adjacent standard period that is shorter than the broken period; 

r
l
  = interest rate for adjacent standard period that is longer than the broken period.

 

Given are the following interest rates:

The interest rate for a deposit for the period 15 February to 3 April is determined us-

ing the 2 month interest rate and the 3 month interest rate:

The daycount conventions actual/360 and actual/365 use the actual number of in-

terest days. These are 16 for March and 2 for April (the last day does not count). Af-

ter this, the number of days in the entire month is determined. In this case 31. Here, 

the daycount fraction is thus 18/31 and the interest rate for the broken period is 

therefore: 

With the daycount convention 30/360, each month is assumed to have 30 interest 

days. The number of interest days for the deposit in the intervening month is now 

15 + 2 = 17. The number of days for the entire month is set at 30. Thus, the daycount 

fraction is now: 17/30 and the interest rate for the broken period is: 

2.3 Converting interest rates for different daycount conventions

The amount of interest paid on the coupon date depends on the daycount conven-

tion used. A deposit of EUR 100 million that runs from 15 March until 20 April 

yields the following interest amounts for an interest rate of 5.00% with different 

daycount conventions: 

rb rs daycount fraction broken month rl rs–( )+=

period end date interest %

1 month 16-2-2009 2.57%

2 months 16-3-2009 2.97%

3 months 16-4-2009 3.04%

4 months 16-5-2009 3.11%

rb 2.97% daycount fraction broken month 3.04% 2.97%– + =

= =rb 2.97% 18/31 0.07 + 2,97% 0.041% + 3.011% =

= =rb 2.97% 17/30 0.07+ 2.97% 0.0397%+ 3.0097%=
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It is possible to calculate how high the interest rate with daycount convention 

30/360 must be in order to achieve the same interest amount as with daycount 

convention actual/360 and vice versa. The general equation for calculating the 

daycount convention 30/360 interest rate that corresponds to a specific daycount 

convention actual/360 interest rate is:2

                                                                                                                         

 

The interest rate with daycount convention actual/360 that corresponds to a specif-

ic interest rate for 30/360 can be calculated by rearranging this equation:

 

If these equations are applied to the table then the outcome is:

and 

2 The equation to convert interest rates with different daycount conventions should be 

entered in a HP financial calculator as follows: ACT/360% = ACT/ACT% x D30 / DACT 

where D30 is the number of days during the contract  term according to daycount con-

vention 30/360 and DACT is the number of days according to daycount convention ac-

tual/360.

daycount daycount fraction interest interest amount 

convention  calculation  

actual/360 36/360 EUR 100 mio x 5% x 36/360 EUR 500,000

30/360 35/360 EUR 100 mio x 5% x 35/360 EUR 486,111

-----------------------------------------------------------------------------------------------------------------------------r30/360
number of days with daycount fraction actual/360 

number of days with daycount fraction 30/360
- ractual/360=

ractual/360
number of days with daycount fraction 30/360

number of days with daycount fracrion actual/360 
------------------------------------------------------------------------------------------------------------------------------- r30/360=

ractual/360
35

36
------ 0.05 0.0486= =

= =r30/360
36

35
------ 0.05 0.0514
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2.4 Converting interest rates for different coupon frequencies

For interest rate instruments with a period of up to one year, it is common to pay 

the whole interest amount at the end of the contract period. For interest rate in-

struments longer than one year, a periodic interest coupon payment generally takes 

place during the term of the contract. The frequency for this can vary. In the euro 

zone, the coupon frequency is usually annually while in the USA it is often semi-

annually. 

For instruments issued on a zero coupon basis, a nominal amount is always paid at 

the end of the period and at the beginning the present value of the instrument is in-

vested. No interim interest payments take place. This is true irrespective of the ma-

turity period for these instruments. 

It is possible to calculate how high the interest rate for an annual coupon, the an-

nual rate, must be in order to achieve the same yield as that for a semi-annual rate. 

With this, use is made of the fact that the future value of an investment with a matu-

rity period of one year with an annual rate must equal the future value of an invest-

ment for one year with a semi-annual rate, if not an arbitrage opportunity would 

exist. This is shown in the following equation:

From the above equation, the equation can be derived with which the annual rate 

can be calculated when the semi-annual rate is known:

A semi-annual rate of 5%, for instance, is equivalent to a annual rate of 5.0625%:

The general equation for calculating the annual rate for a given interest rate for n 

coupon payments per year is:

Conversely, the semi-annual rate equivalent for a given annual rate can be calcu-

lated

1 annual rate+ 1 1/2 semi-annual rate+
2

= ( )

annual rate 1 1/2 semi-annual rate+
2

1–= ( )

= =annual rate 1 1/2 0.05+(
2

1– 0.050625)

annual rate 1 1/n rate with n coupons a year+
n

1–= )(

semi-annual rate 1 annual rate+

1

2
-

1– 2= ( )
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rate with n coupons a year 1 annual rate+

1

n
-

1– n= ( )

And, finally, the general equation for calculating an interest rate for n coupon pay-

ments per year for a given annual rate is:3

                                                                                                     

2.5 Present value and future value

The value of an invested amount increases over time. The amount achieved at 

the end of an investment period is called the future value. The factor by which an 

amount accrues to the future value during an investment period is called the accu-

mulation factor. 

Conversely, the amount that must be invested to achieve a specific future value 

against a specific rate of interest can also be calculated. This amount is called the 

present value. The factor by which the future value must be corrected in order to 

calculate the present value is called the discount factor.

For the determination of the present value and the future value, account needs to be 

taken of the applicable daycount convention, of the fact that there is single or com-

pounded interest and, finally, of the coupon frequency.

2.5.1  Future value with single interest 

For contracts with a maturity period of less than one year for which there is one sin-

gle interest payment on the maturity date of the contract (single interest), the future 

value can be determined using the following equation:

In this equation 

is the accumulation factor for single interest.

3 The equation to convert an annual yield to a yield with more than one coupon per year 

and vice versa should be entered in a HP financial calculator as follows: 

 YN% = ((1 + Y%) ^ 1/N  - 1) x N

Future value Nominal value 1 interest rate daycount fraction+= ( )

1 daycount fraction interest rate +
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example

If a party invests in a deposit of EUR 100 million for a period of three months (90 

days) at an interest rate of 5%, the future value is calculated as follows:

2.5.2  Present value with single interest

The present value of a cash flow that matures within one year with single interest is 

calculated by rearranging the equation used to calculate a future value:4 

                                                                                                                                                                        

 

The factor 

is the discount factor for single interest.

example

The present value of a cash flow of EUR 100 million after three months at an interest 

rate of 5.00% is:

4 The equation to calculate the present value from a future value and vice versa with 

 simple interest should be entered in a HP financial calculator as follows: 

 FV = PV x ( 1 + D / B x Y%)  

Future value EUR 100 mio x  ( 1 + 90/360 x 0.05 ) =

Present value
Future value

1 daycount fraction interest rate )+
------------------------------------------------------------------------------------------------=
(

1

1 daycount fraction interest rate )+
------------------------------------------------------------------------------------------------

(

 = EUR 98,765,432.10Present value
EUR 100 mio

1 + 90/360 x 0.05
------------------------------------------=
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2.5.3  Present value and future value with interim coupon payments and annual 

coupon

For contracts that run for more than a year, interim coupons are generally paid. 

Since these coupons can again be invested with interest, there is what is called a 

compounded interest effect. 

In general, the future value of a sum invested for n periods can be determined using 

the following equation:

In this equation 

is the accumulation factor for compounded interest with annual coupons.

example

An investor invests in a EUR 100 million deposit for a term of 2 years. The annual in-

terest rate is 5.00%. If the investor is able to invest the coupon he receives after one 

year against an interest rate of 5.00%, the future value after 2 years is: 

 

The general equation for calculating the present value of a future cash flow that ma-

tures after n periods is:

 

In this equation

is the discount factor for compounded interest with annual coupons.

Figure 2.1 shows the (zero-coupon) discount factors for several regular periods.

Future value Nominal amount 1 interest rate+
n

= )(

1 interest rate )+
n

(

Future value period 2 (EUR 100 mio x (1+0.05)) x (1 + 0.05) 100 mio (1+ 0.05)
2

= =

Present value
Future value

1 interest rate+
n

--------------------------------------=
)(

1

1 interest rate+
n

--------------------------------------
( )
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Figure 2.1 Discount factors

2.5.4  Present value and future value with interim coupon payments and n coupons 

per year

In order to calculate the future value and present value when there are multiple 

coupon payments per year, for instance semi-annually or quarterly, the above equa-

tions need to be changed somewhat.

The general equation for calculating the future value when there are n coupon pay-

ments per year is:

In this equation

r  = annual interest rate with n coupons per year;

p/yr = number of coupon periods per year (2, 4 or 12);

n  = total number of coupon periods during the term of the contract.

Future value Present value 1
r

p/yr
--------+

n
= ( )



42

financial instruments handbook

example

For a deposit of EUR 100 million with a maturity of nine months, an interim coupon 

is paid every three months. The interest rate is 5.00%. The future value after three 

months is: 

The future value achieved after three months grows again during the following 

three months with the same factor and, after that, once again. The future value after 

nine months or three coupon periods is:

From the equation for the future value with multiple coupon payment a year, the 

equation to calculate the present value of a cash flow that matures after n coupon 

periods with multiple coupon payments per year can be derived:5

                                                       

                                                         

example

An investor knows that he will receive a cash flow of EUR 40 million after two years. 

He uses a semi-annual rate of 6.00% to calculate the present value. The total term 

consists of 4 coupon periods and the present value, therefore, is:

5 The equation to calculate the present value from a future value and vice versa with com-

pounded interest should be entered in a HP financial calculator as follows: 

 FV = PV x ( 1 + Y%/PYR)^N  

Present value
Future value

1
r

p/yr
--------+

n
--------------------------------=

( )

Present value
EUR 40 mio

1
0.06

2
--------+

4
------------------------ EUR 35,539,481.92= =

= =Future value 3 months EUR 100 mio x (1 + 0.05 / 4) EUR 1.012,500

= =Future value 9 months 100 mio 1 0.05 4/+
3

EUR103,797,070.31)(
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2.6 Yield and pure discount rate

In addition to deposits, negotiable securities (money market paper) are traded on 

the money market. Often these are zero-coupon instruments. The return on these 

securities is often not paid as an interest coupon at the end of the period but con-

sists of the difference between the price for which the security can be purchased 

(price) and the nominal value (face value) that is repaid at the end of the term. The 

return on these money market instruments can be expressed in two ways: on the 

basis of a yield and on the basis of a pure discount rate

2.6.1  Yield

The price of many securities traded on the money market is calculated as the 

present value of the face value of this security. If the remaining period for a money 

market paper with a face value of EUR 100 million is, for instance, 91 days and in-

vestors require a return of 5.00% then the price that they would want to pay for this 

security can be calculated using the following equation (single interest):

 

The interest rate used to determine the price of a money market paper in this way is 

also known as the yield.

In this case:

 

The yield is an annual percentage. When the yield is adjusted with the daycount 

fraction and multiplied by the present value of a money market paper, the result 

can be seen as the interest amount paid by the issuer for borrowing money. The 

yield is the accepted way of presenting the return on a money market paper denom-

inated in euro.

2.6.2  Pure discount rate

Besides the yield, on the American money market another measure is used to in-

dicate the return on a money market paper and to calculate the price: the pure dis-

count rate. Just as with the yield, the pure discount rate is an annual percentage. 

The pure discount rate (adjusted with the daycount fraction) is however not multi-

price (present value)
Face value

1 interest rate daycount fraction+
------------------------------------------------------------------------------------------------=

)(

price (present value)
EUR 100 mio

1 0.05 91 360⁄×+
-------------------------------------------

EUR100 mio
1.012639

------------------------------- EUR 98,751,887= = =
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plied by the present value of a money market paper to calculate the interest amount, 

but by the future value or face value. The interest amount calculated in this way is 

called the amount of discount.

Amount of discount = future value x pure discount rate x daycount fraction

The price of a money market paper can be calculated as follows using the pure dis-

count rate:6

example

A U.S. Treasury Bill with a maturity period of 91 days has a face value of USD 50 mil-

lion. The pure discount rate is 4.25%. 

The price of this Treasury Bill is:7

 

                                                                                                                                       

2.6.3  Equations for converting the yield to pure discount rate and vice versa

The price of a money market paper can thus be calculated using the yield or  using 

the pure discount rate. The outcome in both cases must be the same, otherwise 

there would be an arbitrage opportunity. By making use of this fact, an equation can 

be determined to convert a given yield into a pure discount rate and vice versa.

 

From this equation, the following equations that represent the relationship be-

tween pure discount rate and yield can be derived:8

6 The equation to calculate the price of a bill should be entered in a HP financial calculator 

as follows: PRBILL = NOM x (1 - D/B x PDR%)

7 Use the PRBILL equation in your HP Financial Calculator: 

 NOM = 50,000,000, PDR% = 0.0425, D = 91, B = 360. Solve for PRBILL.

8 The equation to convert a yield to a pure discount rate and vice versa should be entered in 

a HP financial calculator as follows: PDR% = Y% /  ( 1 +  D / B x Y%)  

face value
1 daycount fract. yield+
----------------------------------------------------- face value 1 dayc. fract. pure discount rate–= ( )price  = 

price face value 1 pdr daycount fraction)–=  (

= =price USD 50 mio 1 0.0425 91 360– USD 49,462,847.25( )



45

interest calculations and yield curves

 

and

                                                                                         

 

These equations are applied below to the U.S. Treasury Bill from the previous example.

0.0429615 = 0.0425 / (( 1 + 91/360 x 0.0425)

and

0.0425 = 0.0429615/ ( 1 - 91/360 x 0.0429615).

Note: if the yield and the pure discount rate are the same, the return on an invest-

ment is the highest if the price is calculated using the pure discount rate.

2.7  Yield curves

A yield curve, also called interest rate term structure, is a graphical representation 

of the relationship between the (average) maturity period of a given financial instru-

ment and the corresponding interest rates (yields) that are used in transactions with a 

debtor from a single risk category. Thus, there are, for example, separate yield curves 

for government loans and for interest rate swaps between banks (the IRS curve). 

There are different forms of yield curves. The most common yield curve presents 

the interest rates for periods that start on the spot date and concern instruments 

that generate interim coupon payments. This curve is also called a spot coupon 

curve. When the yield curve is discussed, it generally refers to this curve. Another 

important yield curve is the zero-coupon curve. This yield curve concerns instru-

ments that do not generate interim cash flows. The zero-coupon curve is used to 

calculate the present value of single future cash flows for maturities longer than 

one year. A forward yield curve presents a projection of the shape of a yield curve at 

a specific moment in the future.

Generally, the interest rates for longer periods are somewhat higher than those for 

shorter periods; the yield curve is rising. This is explained by the liquidity prefe-

rence theory. According to this theory, investors require a higher return since they 

have made their money available for a longer period. After all, they must postpone 

their own expenditures and also they run a greater risk of not getting their money 

back. 

pure discount rate
yield

1 daycount fraction yield+
----------------------------------------------------------=

yield
pure discount rate

1 daycount fraction pure discount rate–

-------------------------------------------------------------------------------------=
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In practice, yield curves are generally rising. A rising yield curve is therefore often 

called a normal yield curve. The yield curve generally rises more steeply for shorter 

periods than for longer periods: the yield curve ‘flattens’ out for longer maturity pe-

riods (flattening yield curve). Should the curve get steeper then this is called steep-

ening. However, this almost never occurs in practice.

Figure 2.2 contains the yield curve for Dutch State Loans (DSLs) and US Treasuries 

for 29 January, 2010. This figure clearly shows a flattening pattern.

Figure 2.2  Yield curves for DSL and US Treasuries

 

The fact that there is a difference between the rates for different maturity periods is 

also partly due to the fact that demand and supply conditions vary in different seg-

ments of the yield curve. This is called the market segmentation hypothesis.

2.8  Forward rates

The shape of the yield curve can provide information about the expectation that the 

market has about future interest rate developments. This is also called the pure ex-

pectations theory. If the rates for longer maturity periods are higher than those for 

short periods, this may indicate that the market expects a rise in interest rates. With a 
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declining or inverse yield curve, the money market interest rates are higher than the 

capital market rates. In this situation, market participants may expect interest rates 

to fall. With a flat yield curve, interest rates for all periods are roughly the same. The 

(theoretical) market expectations are reflected in the so called implied forward rates.

Forward interest rates are interest rates used for interest rate instruments for which 

the term lies in the future. Examples of these include forward rate agreements and 

forward start interest rate swaps. Forward interest rates can theoretically be calcu-

lated using the interest rates for periods starting per spot, the spot rates. 

If the 6 month interest rate is, for example, 0.75% and the 12 month interest rate is 

1.00%, it can theoretically be concluded that the market expects that interest rates 

after six months will be higher than the current rates. For each period that starts 

in the future, a forward interest rate can be determined; the implied forward yield.

2.8.1  Forward rates for forward periods of less than one year

A 6 month interest rate for a period that starts in three months time is referred to 

as the ‘3 against 9’ or 3s v. 9s forward rate. The first number refers to the start date 

of the forward period to which the forward rate refers (t = 3 months). The difference 

between the two numbers refers to the term of the forward period (9 - 3 = 6 months), 

i.e. the underlying period.

When calculating the theoretical forward rate for a period of less than 1 year, use 

is made of the fact that it should make no difference for an investor if he invests an 

amount for an entire investment period in the money market against a single in-

terest rate or if he invests that amount for subsequent shorter periods totalling the 

whole investment period. with interim interest revenues that can be invested again. 

The following equation shows this:

(1 + d
s
/year basis × r

s
) × (1 + d

fw
/year basis × r

fw
)  =  1 + d

l
/year basis × r

l

In this equation

d
s
  = days in the first investment period

d
fw

  = days in the second investment period, the forward period

d
l 
 = days in the entire investment period

r
s
  = interest rate for the first broken period

r
fw

 = interest rate for the forward period

r
l
  = interest rate for the entire investment period
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example

Given are the following rates:

6 months (183 days)  5.4%

12 months (365 days)  5.8%

The break-even rate for the six month forward period after six months can be calcu-

lated as follows:

( 1 + 183/360 x 0.054) x ( 1 + 182/360 x r
fw

) = ( 1 + 365/360 x 0.058)

The left hand side of the equation shows the future value of a principal sum of 1 

(euro) after six months (183 days) with an interest rate of 5.4%, which is reinvested 

for six further months (182 days) against the forward yield (r
fw

). The right hand side 

of the equation shows the future value of a principal sum of 1 (euro) invested for the 

total period of one year (365 days) with an interest rate of 5.8%. The two values must 

be the same, otherwise arbitrage would be possible. The unknown variable from the 

equation is fw, i.e. the 6s v 12s forward rate. This rate is calculated as follows.

and, therefore,

The general equation used for determining a forward rate on the money market is:9

                                                                                           

In this equation

r
fw

  = forward yield;

r
s
  = interest rate for the period until the start date of the forward period;

d
s
  = number of days until the start date of the forward period;

9 The equation to calculate an implied forward rate from two money market cash rates 

should be entered in a HP financial calculator as follows: 

 Y%FWMM = (( 1 + DL / B x Y%L) / ( 1 + DS / B x Y%S) - 1 ) x B / ( DL - DS)

rfw

1 rl dl year basis+

1 rS dS year basis+
------------------------------------------- 1– year basis dfw=

1.02745 1 rfw 182 360+ 1.0588056=( )

= =rfw
1.0588056

1.02745
-------------------- 1– 360 182 1.0352 1– 360 182 0.06036  =  6.036%=)(
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d
fw

  = number of days in the forward period;

r
l
  = interest rate for the period until the end date of the forward period;

d
l
  = number of days until the end date of the forward period;

y
b
  = year basis.

Forward rates can also be viewed more conceptually. If an amount is invested with 

interest, it grows over time. The extent to which the amount grows is given by the 

accumulation factor. For a six month rate of 5.4%, an amount invested for 183 days 

grows with an accumulation factor of 1 + 183/360 x 0.054= 1.0275. And for an annu-

al rate of 5.8%, an amount invested for 365 days grows with an accumulation factor 

of 1 + 365/360 x 0.058 = 1.0588. This is shown in Figure 2.3:

 

Figure 2.3  Calculation of the 6s v 12s forward rate

Figure 2.3 also shows that an amount, invested during the forward period of 183 days 

to 365 days, grows with the accumulation factor of 1.0588056 / 1.02745 = 1.0352. 

In order to derive a (forward) interest rate from this accumulation factor, this must 

first be reduced by the number ‘1’ and then corrected with the inverse value of the 

daycount fraction. After all, the accumulation factor of 1.0352 was realized in only 

182 days. 
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The 6s v 12s forward rate can be calculated as follows:10

                                                                                                     

If the short-term forward period matures after one year then, for the determination 

of the accumulation factors, account is taken of the fact that there is compounded 

interest for longer periods. In that case, the forward rate is calculated using the fol-

lowing equation:11 

                                                                                                        

In this equation, zero-coupon rates must be used for r
l
 and r

s
. 

example

A market party wants to determine the forward rate for a period of 182 days that 

starts after two years and ends after 2.5 years. In order to calculate this rate, he uses 

the 2 year rate and the 2.5 year rate, 6.00% and 6.05% respectively.

  

The 24s v 30s forward rate is calculated as follows: 

 

 

Figure 2.4 shows the calculation of the six month forward rate after two years.

10 Use the Y% FWMM equation to calculate the 6s v 12s forward rate: DL = 365, DS = 183, B = 

360, Y%L = 0.0580, Y%S = 0.0540. Solve for Y%FWMM.

11 This equation is not part of the ACI Diploma curriculum.

---------------------------------forward rate
1 rl+

dl year basis

1 rs+
ds year basis

-- 1– year basis df=
( )

( )

----------------------------forward rate
1 0.0605+

2.5

1 0.06+
2

- 1– 360 182=

forward rate
1.158182

1.1236
------------------ 1– 360 182 0.06088= =

)(

( )

6s v 12s forward rate
1.0588058

1.02745
-------------------- 1–

360

182
------- 0.06036= =



51

interest calculations and yield curves

Figure 2.4  Calculation of 24s v 30s forward rate

2.8.2  Forward rates for forward periods longer than one year

Forward rates for forward periods longer than one year are calculated in the same 

way as above. However, account must be taken of the fact that within these forward 

periods compounded interest is used. In addition, for all rates longer than a year, 

zero-coupon rates must be used.

long forward period (> 1 year) starts after a year  

(all rates are compounded)

When the forward period starts after a year, the following equation is used12:

                                                                                                                                                                            

example

The forward rate over a period of 2 years starting after two years and ending after 4 

years can be calculated by using the  2 year zero-coupon rate and the 4 year zero-cou-

pon rate. If these rates are 6.00% and 6.15% respectively, the 2yrs v 4yrs forward rate 

can be  calculated as follows: 

 

12 This equation is not part of the ACI Diploma curriculum

1 rs+
ds year basis

1 rfw+
dfw  year basis

1 rl+
dl year basis

=( ) ( ) ( )
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Figure 2.5 shows a diagram of the calculation of the 2yrs v 4yrs forward rate.

 

Figure 2.5  Calculation of 2yrs v 4yrs forward rate

 

forward period (> 1 year) starting within a year

Sometimes, a ‘long’ forward period for which a forward rate must be calculated 

starts within one year. This is often the case with, for instance, forward start swaps. 

The forward rate is then calculated using the following equation13.

      

13 This equation is not part of the ACI Diploma curriculum

----------------------------------------------forward rate
1 rl+

dl year basis

1 ds year basis rs+
-

year basis dfw

1–=
( )

( )

-------------------------forward rate
1 0.0615+

4

1 0.06+
2
-

1

2
--

1–=

forward rate
1.26964

1.1236
---------------

1

2
--

1– 0.0630= =

)

)

(

(
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example

The forward rate is calculated over a period of 2 years starting after 183 days. To cal-

culate this rate, the 6 month rate and the 2.5 year rate are used - 5.40 % and 6.05% 

respectively.

The 6s v 30s forward rate is calculated as follows: 

 

 

Figure 2.6 shows a diagram of the calculation of the 6s v 30s forward rate.

Figure 2.6 Calculation of 6s v 30s forward rate

2.8.3  Strip forwards

As we have seen, an implied forward rate can be derived from two spot rates. From a 

three month and a six month spot rate, a 3s v 6s forward rate can be derived. 

------------------------------------------forward rate
1 0.0605+

2.5

1 0.054 183 360+
-

1

2
--

1–=

forward rate
1.158182

1.02745
------------------

1

2
-

1– 0.0617= =

)(

( )
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The six month spot rate is actually made up of the three month rate and the 3s v 6s 

forward rate. The six month and nine month spot rate, in turn, can then be used to 

derive the 6s v 9s forward rate:

The nine-month spot rate is actually made up of, respectively, the three month spot 

rate, the 3s v 6s forward rate and the 6s v 9s forward rate respectively.

Continuing, the nine month spot rate and the twelve month spot rate can be used to 

derive the 9s v 12s forward rate. The twelve month spot rate and the fifteen month 

spot rate can then be used to derive the 12s v 15s forward rate and so on. 

The two year interest rate for an interest rate swap (IRS rate) can therefore also be 

considered as a combination of the following ‘strip’ of forward rates:

In figure 2.7, the composition of the two year rate is shown using three month im-

plied forward rates.

3 month spot rate  2.55

3s v 6s forward rate 2.65

6s v 9s forward rate 2.75

9s v 12s forward rate 2.90

12s v 15s forward rate 3.00

15s v 18s forward rate 3.20

18s v 21s forward rate 3.30

21s v 24s forward rate 3.40

 rate # days

3 month spot rate 2.55 91

6 month spot rate 2.61 183

3s v 6s forward rate 2.65 92

 rate # days

6 month spot rate 2.61 183

9 month spot rate 2.67 273

6s v 9s forward rate 2.75 90
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Figure 2.7  Strip of three month implied forward rates

For a rising yield curve, the first rate of the strip (in this case the three month Euri-

bor) is lower than the level of the long interest rate. The final rate in the strip then lies 

above the level of the long interest rate. For an inverse yield curve, the reverse is true. 

calculating a spot rate from a shorter spot rate  

and a strip forward rates

The one year rate in the previous section can be calculated by using the following 

formula (assume that the fourth quarter has 92 interest days):

1yr rate = 

(( 1+91/360 x 0.0255)x(1+92/360x0.0265)x(1+90/360x0.0275)x(1+92/360x0.0290) -1) x 365/360 =

0.0274 = 2.74% 

 

The above equation gives the interest rate for four successive periods by using com-

pounded interest. In interest calculations, however, often even more periods are 

 often involved. The equation below can be used for the calculation of compounded 

interest for ‘n’ successive periods:

Compounded interest rate 

= ( ∏ ( 1 + di / year basis x ri) - 1 ) x year basis / total number of days14

14 The equation to calculate a compounded interest rate for a maximum of 5 periods should 

be entered in a HP financial calculator as follows: Y%COMP = ((1+D1/BxY%1) x (1+D2/

BxY%2) x (1+D3/BxY%3)  x (1+D4/BxY%4)  x (1+D5/BxY%5) -1) x B / (D1+D2+D3+D4+D5)
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The character ∏ in the equation is a Greek letter that indicates the product of simi-

lar terms, here the accumulation factors for the successive periods. ∏ ( 1 + d
i
 / year 

basis x r
i
), therefore, gives the accumulation factor for the whole period. We have 

already seen that an accumulation factor can be converted to an interest rate by sub-

tracting 1 and adjusting the answer by the inverse of the daycount fraction. This is 

done in the remainder of the equation.

example

The following rates are given:

3 month EURIBOR (91 days):   1.76% 

3s v 6s FRA (92 days):   1.82% 

6s v 9s FRA (90 days):  1.84% 

The 9 months rate implied by these rates can be calculated as follows: 

Compounded rate = ((1+ 91/360 x 0.0176) x (1+92/360 x 0.0182) x (1+90/360 x 

0.0184) -1) x 360/273 = 0.0181 = 1.81%15

2.8.4 Forward curve

From a spot yield curve, a projection of the yield curve at future moments can be 

derived. This projection is called a forward yield curve. The middle column of the 

table presents the spot coupon curve for 8 February, 2010. In the right hand column, 

the implied forward rates have been calculated for the forward periods that start in 

three months; the 3s v 4s, 3s v 5s, 3s v 6s, etc. These implied forward rates together 

form the forward curve after three months. Following the implicit market expecta-

tion on 8 February, the coupon curve on 8 May resembles that presented in the right 

hand column.

15 Use the Y%COMP equation in your HP Financial Calculator: D1 = 91, D2 = 92, D3 = 90, D4 

= 0, D5 = 0, Y%1 = 0.0176, Y%2 = 0.0182, Y%3 = 0.0184, B = 360, Y%4 and Y%5 need not to 

be filled in. Solve for Y%COMP. 
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The 3s v 4s rate of 1.0464% is, for example, calculated as follows: 

The 3s v 2.25yrs rate of 1.7944% is, for example, approached as follows16:

16 This is nothing more than an approach because, for this calculation, the coupon rates 

have been used and not the zero-coupon rates. Furthermore, for the calculation of the 

2.25 year rate, linear interpolation has been used which is not common for longer terms.

period coupon yield forward yield  

 spot date  forward date  

 10 february 2010 10 may 2010

1 month  0.4230 1.0464 (3s v 4s)

2 month 0.5220 1.1176 (3s v 5s)

3 month (89 days) 0.6610 1.2570 (3s v 6s)

4 month (120 days) 0.7610 1.2467 (etc)

5 month 0.8510 1.2680

6 month 0.9650 1.3043

9 month 1.0960 1.4006

1yr 1.2220 1.4456 

2 yr 1.5775 1.7944

3 yr 1.9430 2.1330

4 yr 2.2540 2.4273

5 yr 2.5200 2.6772

7 yr 2.9450 3.0751

10 yr 3.3520 3.4549

15 yr 3.7025 3.7723

20 yr 3.7985 3.8497

30 yr 3.6520 n/a

0.010464  =  1.0464%

0.016689

0.00661
0.017944  =  1.7944%




