
The area under a curve

(1) If someone asks you for the rate under this curve over [a, b] then what region are they
asking you to find the area of? Shade it in.

a b

(2) Sketch the region underneath the curve y = x2/4 over [0, 4]. Estimate the area
underneath using the grid provided. (each small square is a 1× 1 square.)

(3) By breaking the interval [0, 4] at 1, 2, 3 draw four rectangles which overestimate the
area. Do so by maximizing f(x) = x2/4 over each small interval. To the right find
an underestimate by minimizing over each interval.

What is the total area of these rectangles?

(4) The result of the previous problem gives us an overestimate and an underestimate for
the area under the curve.

< AREA <
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(5) By breaking the interval [0, 4] at
1

2
, 1,

3

2
, 2,

5

2
, 3,

7

2
, draw eight rectangles which over-

estimate the area. To the right draw eight rectangles which underestimate the area.

What is the total area of these rectangles?

(6) The result of the previous problem gives us a closer overestimate and a closer under-
estimate for the area under the curve.

< AREA <

If we use more rectangles (Maybe 10,000) we can get better estimates. A computer
will be necessary. We will need summation notation.

(7) If we were to break up this sum into 10,000 intervals we would need to compute a
sum like

(base1) · (height1) + (base2) · (height2) + · · ·+ (base10,000) · (height10,000)

Write this in summation notation:

(8) If we break [0, 4] up into 10, 000 equally sized subintervals. Then label the first few
on this real line. Can you find a formula for the endpoints of the k’the interval?

0

The k’th subinterval has endpoints:
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(9) The k’th interval is [ , ].
(10) Double check that the first interval starts at 0 and 10,000’th interval ends at 4.

(11) basek is its length. basek = .
(12) Maximize and minimize f(x) = x2/4 in the k’th interval. (recall what the k’th interval

is.)

f(x) = x2/4 attains its maximum over this interval at x =

f(x) = x2/4 attains its minimum over this interval at x =
(13) The formula

10,000∑
k=1

(basek) · (heightk)

gives an approximation of the area under curve y = x4/4 over [0, 4] where

basek = .
To get an overestimate of the area, use the maximum value over each rectangle.

heightk = f( ) =
This provides an overestimate. Why?

(14) To get an underestimate minimize over each interval

heightk = f( ) =
(15)

10,000∑
k=1

≤ Area ≤
10,000∑
k=1

Using a computer to make these computations:

≤ Area ≤

What is the area under the curve pretty close to?

Riemann Sums

(16) For an interval [a, b] and some points a = x0 < x1 < x2 < · · · < xn−1 < xn = b, the
resulting subdivision of [a, b] is given by:

D =
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(17) For a subdivision ∆ = {[x0, x1], [x1, x2], . . . [xn−1, xn] and some points x∗1, x
∗
2, . . . in

the intervals [x0, x1], [x1, x2], . . . the resulting Riemann sum is:

Area∼
n∑

k=1

f(x∗k) ·∆xk =

it should remind you of rectangles which approximate the region under a curve.

(18) Now go back to f(x) = x2/4. First break [0, 4] into n peices:

x0 = 0, x1 = 4
n , x2 = , · · · , xk = , · · · , xn−1 = ,

xn = 4

If x∗k = xk = is the rightmost endpoint (we could use any point
in [xk−1, xk] then we get the Riemann sum

Area ∼
n∑

k=1

f(x∗k) ·∆xk =

Now compute f(x∗k) =

(xk − xk−1) =

Back substitute

Area ∼

(19) Compute the limit of this Riemann sum.

The formula
n∑

k=1

k2 =
n(n + 1)(2n + 1)

6
will be useful. The fact that this formula

exists is useful. Remember that there is a formula for

n∑
k=1

k2. You should feel no

obligation to memorize what the formula is, though.

Area ∼
n∑

k=1
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Homework

(1) Below is the graph of f(x) = (4− x) · x over the interval [0, 4]. Break [0, 4] at into 4
equally sized subintervals and take right endpoints to estimate the total area:

(2) Find the areas of the resulting rectangles and add them up.

This produces an estimate:

area ∼

(3) Below is the graph of f(x) = (4− x) · x over the interval [0, 4]. Break [0, 4] at into 8
equally sized subintervals and take right endpoints to estimate the total area:

(4) Find the areas of the resulting rectangles and add them up.
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(5) This produces an estimate:

area ∼

(6) If you break [0, 4] into 400 equally sized intervals, then how long is each interval.

(7) Start listing the endpoints of these intervals and find a formula for the k’th endpoint:

0

The k’th right endpoint is xk =
(8) So the k’th interval is given by

[xk−1, xk] =

(9) Using right endpoints to estimate the region under the curve y = (4 − x) · x with
rectangles:

Area∼
400∑
k=1

(base) · (heightk) =

(10) Use a computer to compute this sum. (I want a decimal number here)

Area∼

(11) By replacing the “400” with something bigger get a better approximation.

Area∼


